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We introduce the general formalism to describe spin torques induced by the supercurrents injected
from the adjacent superconducting electrodes into the spin-textured ferromagnets. By considering
the adiabatic limit for the equal-spin superconducting correlations in the ferromagnet we show
that the supercurrent can generate both the field-like spin transfer torque and the spin-orbital
torque. These dissipationless spin torques are expressed through the current-induced corrections
to the effective field derived from the system energy. The general formalism is applied to show
that the supercurrent can either shift or move the magnetic domain walls depending on their struc-
ture and the type of spin-orbital interaction in the system. These results can be used for the
prediction and interpretation of the experiments studying magnetic texture dynamics in supercon-
ductor/ferromagnet/superconductor Josephson junctions and other hybrid structures.
I. INTRODUCTION
It has been commonly recognized that reducing Joule
heating effects and power consumption are among the
main priorities for the development of electrically con-
trolled magnetic memory devices1–4. Since the first spin
transfer torque (STT) experiments5,6 much effort has
been invested to optimize the switching currents, ther-
mal stability and tunnel magnetoresistance of the mag-
netic tunnel junctions3,7,8. Thermal effects are also of the
crucial importance for the operation of the other type of
STT memory - magnetic racetrack memory9–11 based on
the electrical control over the domain wall (DW) motion.
The progress in improving these spin memory devises
depends crucially on the competition between the ther-
mal stability of DWs and large current densities required
to overcome the pinning forces4,12–18. As an alternative
route to the low-power manipulation of magnetic textures
the current-driven magnetic skyrmion dynamics has at-
tracted large interest19–21.
In applications which require very large currents, for
example in powerful magnets, using superconducting ma-
terials have been proven to be an effective solution to
eliminate Joule heating effects. In view of the energy-
saving spintronics it is quite appealing to employ the spin
torques generated by the dissipationless spin-polarized
superconducting currents (supercurrents). The exis-
tence of spin-polarized supercurrents is ubiquitous to
the spin-textured superconductor/ferromagnet (SC/FM)
hybrid structures resulting from long-range spin-triplet
proximity22–25.
Recently there have been many works studying spin-
polarized supercurrents in various SC/FM systems (for
the review see Refs.26,27). However the supercurrent-
induced spin torques have been characterised theoreti-
cally only in several model systems: in Josephson junc-
tions through the single-domain magnets28–32, two33–35
and three36 FM layers, in ferromagnetic spin-singlet37
and spin-triplet superconductors38. The general under-
standing of the supercurrent- spin texture interaction has
been lacking since there is no direct connection between
the above examples and practically interesting systems -
bulk non-homogeneous FMs. That is, the possibility of
moving DWs and skyrmions by injecting the supercur-
rent in real ferromagnets has been an open question for
a long time despite of the large attention to the subject.
This challenging question is addressed in the present
paper. We employ the adiabatic approximation which
is widely used for the description of kinetic processes in
metallic ferromagnets with spin textures including the
calculation of conductivity19 and spin transfer torques39
in the inhomogeneous FMs. We bring this approach to
the realm of superconducting systems to describe their
transport properties governed by equal-spin supercon-
ducting correlations. For that we go beyond the com-
monly used quasiclassical theory of hybrids25,40 which
has been designed to treat only the weak ferromagnets
with the exchange splitting much less than the Fermi en-
ergy. Instead of that we employ the recently developed
approach of generalized quasiclassical theory41 which al-
lows for the description of proximity effect in strong fer-
romagnets with the exchange splitting much larger than
other energy scales and comparable to the Fermi energy.
We show that the spin-polarized superconducting cur-
rent can induce magnetization dynamics, described in
general by the Landau-Lifshitz-Gilbert (LLG) equation
M˙ = −γM ×Heff + α
M
M × M˙ , (1)
where γ = 2µB is the electron gyromagnetic ratio. The
second term in the r.h.s. is the Gilbert damping. The
superconducting spin current J can induce two types of
spin torques which can be written as the correction to
effective field −γM ×H˜eff = Nst+Nso. The first term
here is the adiabatic spin-transfer torque15,42,43while the
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2second termNso is the spin-orbital (SO) torque
44,45. The
non-adiabatic (antidamping) STT14 is not produced by
the supercurrent since it breaks the time-reversal sym-
metry of LLG equation and can be considered as a cor-
rection to the dissipative Gilbert damping46. That is the
antidamping STT should be connected with the quasi-
particle contribution which is beyond the scope of our
present study.
The paper is organized as follows. In Sec.II the general
equations for spin dynamics and spin torques generated
by supercurrent are considered. In Sec.III we derive ex-
pressions for the spin-transfer and spin-orbital torques
using the generalized quasiclassical theory. In Sec.IV
we derive Josephson energy in SFS junctions and use
it to provide an alternative derivation of supercurrent
spin torques. Sec. V is devoted to the DW dynamics
in SFS Josephson junctions induced by the supercurrent
spin torques. Our conclusions are given in Sec.VI.
II. SPIN TORQUE GENERATED BY THE
SUPERCURRENT
We use s-d model with the localized magnetization M
and that of the itinerant electrons Ms = −µBs, where
s is the electron spin and µB is the Bohr magneton.
The dynamics of localized spins is determined by the
usual LLG equation with the contribution to the effective
field resulting from exchange interaction with conductiv-
ity electrons47
M˙ = −γM ×Heff + α
M
M × M˙ − JsdM ×Ms. (2)
The last term here is the source of spin torque and should
be found from the kinetic equation for conductivity elec-
trons.
The kinetic theory for the conduction electrons in met-
als can be formulated in terms of the matrix Green’s
function Gˇ = Gˇ(r1, r2, t1, t2) which has the following ex-
plicit structure in the Keldysh space Gˇ =
(
GˇR GˇK
0 GˇA
)
,
where GˇR/A/K are the retarder/advanced/Keldysh com-
ponents. The general quantum kinetic equation reads:
i{∂t, Gˇ}t − [Hˆ, Gˇ]t,r = Iˇ (3)
Hˆ(t, r) = − Πˆ
2
r
2mF
+ (σˆh(r, t)) τˆ3 − i(σˆBˆΠˆr), (4)
Iˇ = (Σˇ ◦ Gˇ− Gˇ ◦ Σˇ)(r1, r2, t1, t2). (5)
Here we define the ◦-product as (Aˆ ◦ Bˆ)(t1, t2) =∫∞
−∞ dtAˆ(t1, t)Bˆ(t, t2). The commutator is defined as
[Hˆ, Gˇ]t = Hˆ(t1, r1)Gˇ− GˇHˆ(t2, r2), Πˆr = ∇− ieτˆ3A(r),
σˆi and τˆi are Pauli matrices in spin and Nambu spaces,
respectively. The exchange field is determined by local-
ized moments h = −JsdM/2µB . The last term in Eq.(4)
is the general form of a linear in momentum spin-orbit
coupling (SOC) determined by the constant tensor coef-
ficient Bˆ. The collision integral in the r.h.s. of Eq.(3)
is given by the Eq.(5). The self-energy term Σˇ includes
the effects related to disorder scattering as well as the
off-diagonal superconducting self-energies.
The conduction electron spin polarization s, charge j
and spin J i currents are given by
s(r, t) = − i
8
Tr4[σˆτˆ3Gˆ
K ]|r1,2=r,t1,2=t. (6)
j(r, t) = Tr4
[
(Πˆr1 − Πˆr2)
8mF
τˆ3Gˇ
K
]
|r1,2=r,t1,2=t (7)
Jk(r, t) = Tr4
[
(Πˆr1 − Πˆr2)
16mF
σˆkGˇ
K
]
|r1,2=r,t1,2=t. (8)
The strategy of studying magnetization dynamics con-
sists of solving the coupled LLG (2) and kinetic equa-
tions (3)-(5) together with the expression for the mag-
netic moment (6). However, the general problem is too
complicated for the analysis. In the next section (III) we
discuss the simplification of the kinetic equation using
the so-called generalized quasiclassical approximation41
adopted to treat the non-stationary problems.
Besides that, significant simplification can be obtained
in the linear response limit when the dynamics of mag-
netization is slow so that the characteristic frequency is
small as compared to the energy gap in the quasiparticle
spectrum. In this case we can make use of the quasi-
stationary equation for the electron magnetization which
is obtained from Eq.(3). Multiplying it by σˆ from the
left and taking the trace we obtain
− ∂ts+∇jJj = (9)
Jsd
µB
(M ×Ms) + 2mF (Bj × Jj) + Tr4[σˆIˇ]
K
8
.
Here we introduce the vector Bj = (Bxj , Byj , Bzj),
which is determined by j-th coordinate component of
the tensor Bˆ and Jj = (J
x
j , J
y
j , J
z
j ) is the j-coordinate
component of the spin current (8). Next, the driving
term in the LLG equation (2) can be found neglecting
the term with time derivative in Eq.(9)
Jsd
µB
(M×Ms) = ∇jJj−2mF (Bj×Jj)−Tr4[σˆIˇ]
K
8
. (10)
In this work we are interested in the quasi-equilibrium
spin torques generated solely by the supercurrent with-
out the contribution of non-equilibrium quasiparticles.
That means the normal component of the current and
the electric field are assumed to be absent. Generally,
the last term with the collision integral in Eq.(10) has
contributions both from the off-diagonal order parameter
and the spin-orbital scattering self-energy. The present
work is based on the following simplifying assumptions
allowing to put Tr4[σˆIˇ]
K = 0. First, we are interested
in the spin torques occurring in the normal metal ferro-
magnetic interlayer where the order parameter is absent.
3Second, the exchange splitting between spin subbands is
assumed to be large enough to suppress spin-flip transi-
tions between them. Below we demonstrate that in this
regime the first term in the r.h.s. of Eq. (10) produces
the adiabatic STT39,42,48, while the second term yields
the spin-orbit torque44,45,49. In order to find these con-
tributions we calculate the spin supercurrent through the
spatially-inhomogeneous ferromagnet. In the next sec-
tion it is shown that in the adiabatic limit valid for the
description of strong ferromagnet this calculation can be
done analytically in the in the most general way using
the technique developed in Ref.41.
III. GENERALIZED QUASICLASSICAL
THEORY
Eilenberger equation for equal-spin correlations. To
find the results in the adiabatic approximation it is con-
venient to work in the local reference frame, where the
spin quantization axis is aligned with the local direction
of the exchange field in the ferromagnet. Then we use
the transformation Gˇloc = Uˆ
†GˇUˆ where Uˆ = Uˆ(r, t) is
in general the time- and space-dependent unitary 2 × 2
matrix that rotates the spin quantization axis z to the lo-
cal frame determined by the exchange field, so that h ‖ z.
To implement the adiabatic approximation we introduce
the equal-spin pairing components of the GF
GˆσES =
1
4
∑
i
τˆiTr[γˇσiGˇloc]. (11)
Here the projection operators to spin-up and spin-down
states defined by the index σ = ±1 are given by γˇσ0 =
τˆ0σˆ0 + στˆ3σˆ3, γˇσ1 = τˆ1σˆ1 − στˆ2σˆ2, γˇσ2 = τˆ2σˆ1 + στˆ1σˆ2,
γˇσ3 = τˆ3σˆ0+στˆ0σˆ3. The generalized quasiclassical theory
is formulated in terms of the spin-less propagators
gˆσ(np, r) = −
∮
dξpσ
pii
GˆσES(p, r), (12)
where GˆσES = Gˆ
σ
ES(p, r) is the GF in the mixed repre-
sentation, ξpσ = p
2/2mF + σh − µ and the notation
∮
means that the integration takes into account the poles
of GF near the corresponding Fermi surface. Then in the
adiabatic approximation, which neglects the coupling be-
tween equal-spin and mixed-spin correlations41 we obtain
the generalized Keldysh-Eilenberger equation
i{τˆ3∂t, gˇ}t + ivσ∂ˆr gˆσ − [Σˆσ, gˆσ]t = 0, (13)
∂ˆr = ∇− ie[Aτˆ3, .]t + iσ[Z τˆ3, .]t. (14)
Here the spin-dependent Fermi velocities v± =√
2(µ± h)/mF are determined on each of the spin-split
Fermi surfaces . The spin-dependent gauge field is given
by the superposition of two terms Z = Zm +Zso, where
Zmi = −iTr
(
σˆzUˆ
†∂iUˆ
)
/2 is the texture-induced part and
the term Zsoi = mF (mBi) (where m = M/M) appears
due to the SOC.
One can see that the Eilenberger-type equations for
the spin-up/down correlations contain an additional U(1)
gauge field Z which is added to the usual electromagnetic
vector potential A with the opposite effective charges for
spin-up and spin-down Cooper pairs. On a qualitative
level it is equivalent to the adiabatic approximation in
the single-particle problems that allows to describe the
quantum system evolution in terms of the Berry gauge
fields50.
Charge and spin currents. The Eilenberger equations
(13) are supplemented by the expressions for the charge
current j and the spin current Jk, where k denoted the
spin index. The former is given by
j(t) = −pie
4
∑
σ=±
νσ〈vσTr[τˆ3gˆKσ (t, t)]〉, (15)
where νσ are the spin-resolved DOS and 〈..〉 denotes the
averaging over the spin-split Fermi surface. The spin
current in rotated frame is given by
J˜z(t) = −pi
8
∑
σ=±
σνσ〈vσTr[τˆ3gˆKσ (t, t)]〉 (16)
Diffusive limit. Let us consider the system with large
nonmagnetic impurity scattering rate as compared to the
superconducting energies determined by the bulk energy
gap ∆. In this experimentally relevant diffusive limit it
is possible to derive the generalized Usadel theory with
the help of the normalization condition (gˆσ ◦ gˆσ)(t1, t2) =
δˆ(t1 − t2) which holds due to the commutator structure
of the quasiclassical equations (13).
The impurity self-energy in the Born approximation is
given by Σˆσ = 〈gˆσ〉/2iτσ. In the dirty limit we have
2τσ(vσ∂ˆr)gˆσ = −[〈gˆσ〉, gˆσ]t. (17)
The solution of Eq. (17) can be found as gˆσ = 〈gˆσ〉 +
gˆaσpσ/pσ, where the anisotropic part of the solution gˆ
a
σ
is small with respect to 〈gˆσ〉. Making use of the relation
{〈gˆσ〉, gˆaσ}t = 0, which follows from the normalization
condition, one obtains
gˆaσ = −τσvσ〈gˆσ〉 ◦ ∂ˆr〈gˆσ〉. (18)
Substituting to Eq.(13) and omitting the angle brack-
ets we get the diffusion equation
{τˆ3∂t, gˆσ}t −Dσ∂ˆr(gˆσ ◦ ∂ˆr gˆσ) = 0, (19)
where Dσ are the spin-dependent diffusion coefficients, in
the isotropic case given by Dσ = τσv
2
σ/3. This equation
is a spin-scalar equation, but cannot describe conven-
tional spin-singlet superconducting correlations unlike
the standard spin-scalar form of the non-stationary Us-
adel equation51. It is only applicable for strong ferromag-
nets and describes equal-spin triplet correlations residing
at one and the same Fermi-surface. Therefore, this equa-
tion is a non-stationary generalization of the correspond-
ing equations for homogeneous strong ferromagnets52
and inhomogeneous strong ferromagnets41.
4The current and spin current are obtained substituting
expansion (18) to Eqs.(15)-(16)
j =
pie
4
∑
σ=±
νσDσTr[τˆ3gˆσ ◦ ∂ˆr gˆσ] (20)
J˜z =
pi
8
∑
σ=±
σνσDσTr[τˆ3gˆσ ◦ ∂ˆr gˆσ] (21)
Further simplification can be obtained as follows. First,
due to the normalization condition we introduce the
parametrization of Keldysh component in terms of the
distribution function gˆKσ = gˆ
R
σ ◦ fˆσ − fˆσ ◦ gˆAσ . Then,
switching to the mixed representation in time-energy
domain gˆσ(t1, t2) =
∫∞
−∞ gˆσ(ε, t)e
−iε(t1−t2)dε/2pi, where
t = (t1+ t2)/2 we keep only the lowest order terms in the
time derivatives.
As an example of the above procedure one can ob-
tain from (20) the charge current in the normal state
j = e2(ν+D+ − ν−D−)Ee driven by the emergent elec-
tric field19,53 Ee = −∂tZ. We however will neglect these
effects and take into account only the quasi-equilibrium
contributions to the currents given by
j =
∑
σ=±
eνσDσ
8
∫ ∞
−∞
dεf0Tr(τˆ3Jˆ
RA
σ ) (22)
J˜z =
∑
σ=±
σνσDσ
16
∫ ∞
−∞
dεf0Tr(τˆ3Jˆ
RA
σ ), (23)
where JˆRAσ = gˆ
R
σ ∂ˆr gˆ
R
σ − gˆAσ ∂ˆr gˆAσ is the spectral current
and f0(ε) = tanh(ε/2T ) is equilibrium distribution func-
tion.
Supercurrent-induced torque. In the quasi-equilibrium
regime when the time derivative of the GF in the mixed
representation can be neglected Eqs.(13) or (19) yield the
conservation of spin current in rotating frame ∇ · J˜z =
0. The spin current in the laboratory frame is given by
Jk = RkzJ˜
z which can be written in the form
Jk(r) = mk(r)J˜
z. (24)
It is not conserved due to the spatially-dependent mag-
netization of d-electrons m = m(r).
Substituting Eq. (24) into Eq.(10) we obtain the
torque, induced by the supercurrent in the quasiequilib-
rium regime:
JsdMs ×M = Nst +Nso, (25)
Nst = 2µB(J˜
z∇)m, (26)
Nso = 4µBmF (m×Bj)J˜zj . (27)
Here Nst is the supercurrent spin transfer torque, which
takes only the form of the adiabatic torque in the con-
sidered approximation, and Nso is the spin-orbit torque.
Its particular structure strongly depends on the type of
the spin-orbit coupling, realized in the system. Below
we show that due to the coherent nature of the spin-
polarized superconducting current the same result can
be obtained from the energy functional of the system
yielding the correction to the effective field.
IV. SUPERCURRENT SPIN TORQUES AS
CORRECTIONS TO THE EFFECTIVE FIELD
Above we have derived general expressions (26,27) for
the superconducting spin torques starting from the ki-
netic equation treated in the adiabatic limit. For any
particular system one can find the spin torques solving
generalized Eilenberger/Usadel equations for the quasi-
classical propagators and calculating the spin current ac-
cording to Eq.(21).
An alternative approach to obtain superconducting
spin torques is based on the description of magnetization
dynamics in terms of the phenomenological expression for
the effective field Heff = −δF/δM , where F = F (M)
is the system energy as a functional of the magnetiza-
tion distribution. The LLG equation without dissipation
terms is given by
M˙ = −γM ×Heff . (28)
This approach cannot be applied to derive spin transfer
torques in the normal state where the conduction electron
magnetization is not coherent. In contrast to the normal
system superconducting electrons are in the macroscop-
ically coherent state. Therefore the total energy of the
system written in terms of the macroscopic variables de-
scribes the interaction between the condensate spin and
the ferromagnetic order parameter.
Based on the above discussion one can conclude that
the superconducting spin transfer torques (26) and (27)
can be obtained from the energy arguments. To demon-
strate this we consider a generic example of the Joseph-
son system consisting of superconducting leads coupled
through the ferromagnet with non-homogeneous magne-
tization texture. In general this task is rather compli-
cated and requires extensive numerical calculations for
each particular system considered. However, in strong
ferromagnets the general expressions for Josephson spin
and charge currents for different magnetic textures of the
interlayer can be obtained using the machinery of the
generalized quasiclassical theory41.
We consider the 1D magnetic texture M = M(x) in
the interlayer of the thickness d between two supercon-
ducting interfaces, located at x = ±d/2. The supercon-
ducting order parameter phase difference between them
is χ. The current-phase relation for this setup has been
found41 as the superposition of partial currents carried
by the spin-up and spin-down Cooper pairs:
j(χ) =
∑
σ=±
jσ sin
(
χ+ 2σ
∫ d/2
−d/2
Zxdx
)
. (29)
The amplitudes jσ are determined by the boundary con-
ditions at FM/SC interfaces and the overlap factor of
the equal-spin correlations injected from the opposite SC
electrodes jσ ∝ e−d/ξNσ , where ξNσ =
√
Dσ/T is the
spin-dependent normal metal correlation length41. The
other characteristic scale of the problem is the charac-
teristic length of the magnetic inhomogeneity. In the
5case of the domain wall it is the wall size dw. If we
are interested in the domain wall motion and consider
the situation when the DW is located inside the inter-
layer (dw < d) and not in the vicinity of S/F inter-
faces, the amplitudes jσ do not depend on dw at all.
But this scale enters the Josephson current via the ef-
fective gauge field Z = −mx(my∇mz −mz∇my)/2m2⊥,
where m⊥ =
√
m2y +m
2
z. Z is a crucial factor giving rise
to the DW dynamics, as it is explained below. In more
general case, when the DW is wide dw > d or the DW
is located in the vicinity of a S/F interface, the ampli-
tudes jσ also depend on dw via boundary conditions
41,
but consideration of the DW dynamics presented below
is not applicable in this case.
The rotated-frame spin current J˜z ≡ J˜zx is given by
the difference of the partial spin-up/down currents
J˜z(χ) =
1
2e
∑
σ=±
σjσ sin
(
χ+ 2σ
∫ d/2
−d/2
Zxdx
)
. (30)
The Josephson energy can be obtained according to the
usual relation
FJ = const− 1
2e
∑
σ=±
jσ cos
(
χ+ 2σ
∫ d/2
−d/2
Zxdx
)
. (31)
The current-phase relation (29) is given by j(χ) =
2e(dFJ/dχ). Therefore calculating the correction to
effective field H˜eff = −δFJ/δM (see details in Ap-
pendixA) we obtain
γM × H˜eff = 2µB J˜z(2mFBx ×m−∇xm) (32)
Substituting the result (32) to the LLG equation we get
the spin transfer torques identical to the Eqs.(25,26,27).
The above energy consideration demonstrates that the
direct coupling between the magnetization and supercon-
ducting current exist even in the limit when the sponta-
neous charge current is absent. Indeed, the spontaneous
phase shift of the Josephson current-phase relation (29)
is given by tanχ0 = tanϕ(j+ − j−)/(j+ + j−), where
ϕ = 2
∫ d/2
−d/2 Zxdx. Therefore χ0 = 0 in the limit when
the spin subbands are formally degenerate j+ = j−. At
the same time the Josephson spin current (30) and cor-
respondingly the spin torque in the Eq.(32) are non-zero.
This result generalizes the previously suggested mech-
anism of the supercurrent-induced spin-orbital torque
stemming from the χ0 = χ0(m) dependence
31,32. In our
case it is not only the phase shift, but in addition the
overall critical current in Eq.(29) which depends on the
magnetization jc =
√
j2+ + j
2− + 2j+j− cos(2ϕ) through
ϕ = ϕ(m). This provides the non-zero effective field
even in the case of degenerate bands.
V. SUPERCURRENT DRIVEN MAGNETIC
TEXTURE DYNAMICS
A. General case of the texture dynamics driven by
the adiabatic STT
The first striking consequence of the dissipationless
supercurrent spin torques is the possibility to realize
the quasiequilibrium magnetic texture dynamics driven
solely by the adiabatic STT generated by the supercon-
ducting current. In the absence of dissipation the LLG
equation (1) have the solution in the form of the trav-
elling wave m = m(x − ut) with the constant velocity
determined by the spin current u = 2µB J˜
z/M . For the
periodical magnetic structure , e.g. magnetic helix that
yields locally rotating magnetization with the frequency
defined by ω ∼ u/L, where L is the period. However,
these time-dependent quasiequilibrium solutions do not
correspond to the ground state. It can be reached only
in the presence of the Gilbert damping which transforms
the magnetic texture in such a way to compensate the ef-
fective field generated by the spin-polarized supercurrent.
Therefore, eventually the systems will stop at the station-
ary state when Heff = 0. In the absence of dissipation
the same quantity u determines the characteristic veloc-
ity of the domain wall motion by the adiabatic STT in the
system. In principle, current-driven motion of DWs in
Josephson junctions with strong ferromagnets can be re-
alized in different systems with high enough critical cur-
rent densities. High critical currents through strong fer-
romagnets are typically carried by equal-spin triplet cor-
relations, which decay on the length scale ξNσ inside the
ferromagnet25. The Josephson current carried through
strong ferromagnets by equal-spin triplet pairs was ex-
perimentally reported in different systems54–58 (see also
Ref. 26 for review), which are the promising elements for
the dissipationless superconducting spintronics. Here we
can estimate u for the parameters of half-metallic CrO2
nanostructures56. The maximal Josephson current den-
sity through the CrO2 nanowire is jc ∼ 109 A/m2, which
determines the spin current J˜z = jc/(2e). Taking into ac-
count the saturation magnetization M = 4.75×105 A/m
we get the speed of the order of u = 1 m/s. As we show
below, in case if the initial state contains DW the ground
state modified by the supercurrent can correspond either
to the distorted DW or to the homogeneous state when
the DW is eliminated from the sample. The dynamics
of the initial state containing a DW under the applied
supercurrent in the presence of the Gilbert damping in
the LLG equation is also considered below.
B. Domain wall motion
Now we consider the magnetic texture of the ferro-
magnet in the form of the DW. We are interested in its
dynamics induced by the supercurrent spin torques, dis-
cussed above. The two particular types of DW are con-
6sidered: head-to head DW and Neel DW.
The particular shape of the DW is dictated by the
combination of the anisotropy energy and the exchange
energy. We start with the head-to-head DW. In this case
the corresponding energy term can be written as follows:
F =
1
2
∫
d3r
[
K⊥m2y −Km2x +Aex(∇xm)2
]
, (33)
where K > 0 and K⊥ > 0 are the anisotropy con-
stants for the easy and hard axes, respectively. Aex is
the constant describing the inhomogeneous part of the
exchange energy. The effective magnetic field Heff =
(1/M)(Kmxx−K⊥myy+Aex∇2xm). It is convenient to
parametrize the magnetization as follows:
m = (cos θ, sin θ cos δ, sin θ sin δ), (34)
where in general the both angles depend on (x, t). At
zero applied supercurrent the equilibrium shape of the
DW is given by δ = pi/2 and
cos θ = ± tanh[(x− x0)/dw], (35)
where dw =
√
Aex/K is the DW width. The above
ansatz corresponds to the head-to-head DW, lying in
the xz-plane. The tail-to-tail DW can be obtained by
θ → θ + pi.
Let us consider the behavior of the head-to head DW
under the applied supercurrent and the presence of SOC
given by the superposition of the Rashba-type term
2mFµBBx/M = (0,−βR, 0) and the Dresselhaus-type
term 2mFµBBx/M = (βD, 0, 0).
First, we follow the Walker’s procedure59 by assuming
that δ = δ(t) and the DW is moving according to the
time-dependent shift x0(t) =
t∫
0
v(t′)dt′ in the Eq.(35).
Substituting this ansatz to the LLG equation we obtain
that this type of the solution exists only in the absence
of Rashba SOC βR = 0. We assume that the distortion
of the wall is small during the wall motion, that is δ =
pi/2+δ1, where |δ1| << 1. In this case taking into account
that dw∇xθ = sin θ for the DW we obtain
∂tδ1 = −αv
dw
− 2J˜zβD (36)
(1 + α2)v − u = γdwK⊥δ1
M
− 2dwJ˜zαβD. (37)
In this case Eqs. (36) and (37) yield the following equa-
tion for v(t):
∂tv +
γαK⊥
M(1 + α2)
v = −2dwγK⊥J˜
zβD
M(1 + α2)
. (38)
Taking into account the initial condition determined by
the Eq. (37) (1 + α2)v(t = 0) = u − 2dwαβDJ˜z, which
follows from δ1(t = 0) = 0 we determine the solution of
Eq. (38) in the form:
v(t) =
[
u+
2dwJ˜
zβD
α
] e−t/td
(1 + α2)
− 2dwJ˜
zβD
α
, (39)
δ(t) =
pi
2
+
td
(
1− e−t/td
)
1 + α2
[uα
dw
− 2J˜zβD
]
. (40)
where td = (1 + α
2)M/(αγK⊥) is the characteris-
tic time scale. The solution for the moving DW ex-
pressed by Eqs. (39,40) exactly coincides with the so-
lution found for the DW motion in normal ferromag-
nets under the influence of the adiabatic and nonadia-
batic torques60. But, nevertheless, there is an impor-
tant physical difference between the spin-orbit torque,
considered here, and the nonadiabatic spin torque. As
it can be seen from Eq. (27), the SO torque is equiva-
lent to the torque, generated by an external applied field
γH = −4µBmF J˜zjBj/M . Consequently, it moves DWs
of opposite types (+/- and -/+) to opposite directions as
opposed to the action of the nonadiabatic torque, which
moves all the DWs in one and the same direction. At
the same time, it is seen from Eqs. (36) and (37) that
the Rashba SO torque is equivalent to the field perpen-
dicular to the wall plane, therefore it does not move the
DW and only distorts it. The solution (39,40) is only
valid for small enough electric and, correspondingly, spin
currents, applied to the system. If the current is large
enough, the condition |δ1|  1 is violated and Eqs. (36)
and (37) are not valid. It was shown15 that in this regime
for J˜z > J˜crit the DW can be moved even by the adia-
batic torque only.
We consider the regime of arbitrary values of the ap-
plied current numerically by solving Eq. (2) together with
the expressions for the torque Eqs. (25)-(27) and the ef-
fective field Heff , found from Eq. (33). The results for
the case of small enough applied currents, when our ana-
lytical solutions are valid, are represented in Fig. 1. The
figure demonstrates the displacement of the DW center
as a function of time. The black curve corresponds to the
case of no spin-orbit torque. The blue and pink curves
are for the Rashba case βR 6= 0, βD = 0. They demon-
strate that the Rashba spin-orbit torque does not move
the DW in this case, as it was mentioned above. The
green and red curves demonstrate the influence of the
Dresselhaus SO torque on the DW motion. In agreement
with our analytical calculations, the numerics gives that
at t td the DW moves with the constant velocity. The
direction of the motion is determined by the sign of βD
or, in other words, by the sign of the effective magnetic
field. In this case it is possible that the DW reverses the
direction of its motion if the adiabatic spin torque tends
to displace it in the direction opposite to the one dictated
by the effective field. This case is illustrated by the red
curve in Fig.(1).
The regime of large applied currents J˜z > J˜crit, when
the DW can be moved by the adiabatic torque only, is
shown in Fig. 2. We have obtained that the value of
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FIG. 1. The displacement of the DW as a function of time in
the regime below the threshold current J˜crit. β˜R = β˜D = 0
(black), β˜R = −0.05, β˜D = 0 (blue), β˜R = 0.05, β˜D = 0
(pink), β˜R = 0, β˜D = −0.05 (green), β˜R = 0, β˜D = 0.05
(red). The dimensionless parameter β˜R,D = βR,DdwM/µB .
The other parameters are K⊥/K = 3.0, α = 0.2 and J˜z =
−0.1Kdw for all the curves.
J˜crit is rather close to Kdw. Therefore the critical elec-
tric current density is of the order eKdw/~ ∼ 1010 A/m2
which is an order of magnitude larger the Josephson crit-
ical current obtained in experiment56. Again, the black
curve in Fig. 2 shows the displacement of the DW in the
absence of the SO torques. The initial dynamics of the
DW at small t coincides with Fig. 1, but at larger val-
ues of t the situation changes, so that in this regime the
DW moves, but its velocity is not constant. The Rashba
SO torque does not cause any essential influence on the
DW dynamics, as in the case of the small applied cur-
rents. But the effect of Dresselhaus SOC is significant
and at the first glance unexpected. Indeed, as shown in
Fig. 1 the torque generated by this type of SOC e.g. for
βD < 0 moves the DW to the direction x > 0. But in the
above-threshold regime it can also reduce the averaged
DW velocity (green curve in Fig. 2), that is the combined
action of the adiabatic ST torque and SO torque cannot
be viewed just as a simple sum of independent motions
due to the both reasons. Vice versa, the SO torque gen-
erated at βD > 0, which by itself tends to move the DW
to the direction x < 0, can slightly enhance the average
DW velocity, as it is demonstrated by the red curve.
The influence of the Dresselhaus SOC on the DW av-
erage velocity is represented in Fig. 3 in more detail.
Fig. 3(a) demonstrates the displacement of the DW as
a function of time t for several values of βD > 0. It is
seen that there is a weak increase of the average veloc-
ity at βD > 0, but the more important and pronounced
effect is that increasing βD leads to the decrease of the
velocity oscillation period. The case βD < 0 is shown in
Fig. 3(b), where once can see that the dependence of the
average DW velocity on βD is nonmonotonous. While
at smaller values of |βD| the average velocity is indeed
reduced with respect to the case βD = 0, at larger values
of |βD| the velocity starts to increase and exceed its value
at βD = 0 considerably.
This behavior can be understood in the framework of
the analogy between the SO torque and the magnetic-
field induced torque. For the situation when the DW
moves under the combined action of the current-induced
torque and field-induced torque it is known that the
steady motion of the DW with δ˙ = 0 is only possible
for a range of fields and currents61. The lines in the
(J˜z, H) -plane, separating the regions of steady motion
and precession motion δ˙ 6= 0, are called by the Walker-
like stability lines61. This limit condition for the steady
motion is strictly equivalent to the Walker breakdown59
condition in the case where only an external magnetic
field is applied. For the problem under consideration the
increase of βD absolute value at fixed current is equiv-
alent to the increase of the applied field (at fixed cur-
rent). When at zero βD the system is in the precession
regime, as in Fig. 2, the increase of |βD| at βD < 0 moves
the system towards the steady motion region, where the
wall velocity is higher. Therefore, the transition from the
precession regime to the steady regime in Figs.1 and 2 is
analogous to crossing the Walker-like stability lines for
problem of DWs motion under the combined action of
the current-induced torque and field-induced torque.
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FIG. 2. The displacement of the DW as a function of time
in the regime above the threshold current J˜z > J˜crit. β˜R =
β˜D = 0 (black), β˜R = −0.05, β˜D = 0 (blue), β˜R = 0.05, β˜D =
0 (pink), β˜R = 0, β˜D = −0.05 (green), β˜R = 0, β˜D = 0.05
(red). The other parameters are K⊥/K = 3.0, α = 0.2 and
J˜z = −1.5Kdw for all the curves.
Let us now consider the Neel DW. In this case the
combination of the anisotropy energy and the exchange
energy takes the form:
F =
1
2
∫
d3r
[
K⊥m2z −Km2y +Aex(∇xm)2
]
. (41)
It is convenient to parametrize the magnetization as:
m = (sin θ sin δ, cos θ, sin θ cos δ). (42)
At zero applied supercurrent the equilibrium magnetiza-
tion profile is described by Eqs. (35) and δ = pi/2. It
can be shown that the problem of the Neel DW motion
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FIG. 3. The displacement of the DW as a function of time in
the regime above the threshold current J˜crit for the case of
β˜R = 0 and different values of the Dresselhaus SO coupling.
(a) β˜D = 0 (black), 0.025 (pink), 0.05 (blue), 0.075 (red);
(b) β˜D = 0 (black), −0.025 (dashed black), −0.05 (green),
−0.075 (dashed green), −0.1 (tan), −0.15 (dashed tan). The
other parameters are as in Fig. 2.
in the presence of the Rashba SO coupling is mathemat-
ically equivalent to the considered above motion of the
head-to-head DW in the presence of the Dresselhaus SO
coupling with the substitution βD → −βR. Therefore,
in this case the Rashba SO torque plays the part of the
field-induced torque moving DWs.
The above analysis demonstrates that the dynamics of
a DW under an applied supercurrent depends strongly (i)
on the particular type of the DW and (ii) on the particu-
lar type of the SO coupling, which induces the spin-orbit
torque. The stationary motion of the DWs induced by
small supercurrents is possible even in the absence of the
nonadiabatic torque if the spin-orbit torque is present in
the system.
Due to the presence of the Gilbert damping the motion
of a DW by a supercurrent is not a disspationless process.
Interestingly the DW motion generates voltage across the
junction in the regime when the charge current is fixed
but its magnitude is smaller than the Josephson criti-
cal current of the system. In this situation the voltage
can manifest itself as an additional step at the current-
voltage characteristics of the junction at j < jc, where
jc is the critical current of the junction. The voltage
amplitude V can be roughly estimated from the balance
of the energy dissipation rate in the magnetic subsystem
due to the Gilbert damping and the power put in by
the current source. The characteristic energy dissipation
rate can be estimated as F˙ ∼ ∆F/td, where ∆F is the
difference between the free energies of the equilibrium
state of the DW at zero current and the nonequilibrium
state of the distorted wall in the presence of the current.
Our quasiequilibrium consideration of the DW dynamics
is strictly valid only if eV is small with respect to the
characteristic inverse time scale of the problem γK/M .
For small distortions of the DW ∆F can be obtained as
follows:
∆F =
1
2
∫
d3r
[
K⊥ sin2 θ +Aex(∇xθ)2 cos2 θ
]
δ21 (43)
Substituting the equilibrium profile of the DW θ(x) given
by the Eq.(35) into Eq. (43), we obtain:
∆F = Spdw(K⊥ +K/3)δ21 , (44)
where Sp is the cross-section area of the ferromagnet.
The voltage, generated at the Josephson junction can be
estimated as V ∼ F˙ /Spjc which yields
V ∼ γδ
2
1αdwK⊥(K⊥ +K/3)
jcM~
, (45)
where we have assumed that α 1.
For estimations we use the material parameters of the
CrO2 nanostructures
62 which are the promising systems
for the dissipationless spintronics56. Taking the maximal
Josephson current density through the CrO2 nanowire
to be jc ∼ 109 A/m2, the saturation magnetization M =
4.75× 105 A/m, dw = 10−6cm, K = 1.43× 105erg/cm3
and K⊥ = 3K, we obtain V ∼ 0.1δ21 [mV ] , where we
took into account the typical values of the Gilbert damp-
ing α ∼ 0.01. The amplitude of DW distortion angle
can be varied in wide limits, e.g. δ21 ∼ 10−4 − 10−3 for
the red curve in Fig.1, δ21 ∼ 10−3 for the green curve in
Fig.1 and δ21 ∼ 10−1 for the dashed green curve in Fig.3b.
The estimated values of the induced voltage V are small
with respect to the characteristic superconducting scales
∼ 0.1[mV ] for Al superconductors, therefore our assump-
tion of quasiequilibrium quasiparticle distribution works
rather well. From the other hand, the strict calculation
of the voltage induced at the Josephson junction requires
accounting for dynamics of the superconducting phase in-
duced by the DW motion in the current-phase relation.
This is beyond the scope of the present paper and will
be done elsewhere.
VI. CONCLUSION
To conclude, we have calculated the spin transfer
torques acting on the magnetic textures from the spin-
polarized superconducting current flowing through the
ferromagnetic material. For this we take the advantage
of the widely used adiabatic approximation, bringing it
from the realm of single-electron dynamics into the field
of superconductivity governed by the propagation of the
9spin-triplet Cooper pairs generated at the SC/FM inter-
face. This approximation enables us to find the analyt-
ical expression for the spin torques in the most general
case of the spin texture and develop the efficient formal-
ism of the generalized quasiclassical theory for calculating
the charge and spin supercurrents through the inhomoge-
neous magnetic systems. We show that the supercurrent-
driven dynamics of DWs crucially depends on the type
and magnitude of the spin-orbital coupling. The ob-
tained results demonstrate that the DW motion by the
supercurrent is a phenomenon realistic for the recently
developed Josephson junctions through CrO2 nanowires.
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Appendix A: Calculation of the effective field
Eq.(32)
From the Eqs.(30,31) we obtain
∂FJ
∂M
=
2J˜zx
M
δ
∫ d/2
−d/2 Zxdx
δm
(A1)
Let’s consider the following form of the unitary matrix
Uˆ = exp{−iσx( δ2 + pi4 )} exp{−iσy( θ2 + pi4 )}, which yields
the texture part of the gauge field Zm = − cos θ∇δ/2,
where mx = cos θ and tan δ = mz/my so that ∇δ =
(my∇mz − mz∇my)/m2⊥, where m⊥ =
√
m2y +m
2
z.
Then we get
δ
δmx
∫ d/2
−d/2
Zmdx = − x
2m2⊥
(my∇mz −mz∇my) (A2)
δ
δmy
∫ d/2
−d/2
Zmdx = − y
2m2⊥
mz∇mx (A3)
δ
δmz
∫ d/2
−d/2
Zmdx =
z
2m2⊥
my∇mx (A4)
Hence
2
M × δ ∫ d/2−d/2 Zxdx
Mδm

y
=
1
m2⊥
× (A5)
[mz(mz∇xmy −my∇xmz)−mymx∇xmx] = ∇xmy.
Treating analogously other components and the spin-
orbital part of the gauge field we get
2
M × δ ∫ d/2−d/2 Zmx dx
Mδm
 = ∇xm (A6)
2
M × δ ∫ d/2−d/2 Zsox dx
Mδm
 = −2mFBx ×M (A7)
Combining that into the total effective field yields
Eq.(32).
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